We derive new exact charged d-dimensional black hole solutions for quadratic teleparallel equivalent gravity, f (T ) = a 0 + a 1 T + a 2 T 2 , where T is the torsion scalar, in the case of non-linear electrodynamics. We give a specific form of electromagnetic function and find out the form of the unknown functions that characterize the vielbeins in presence of the electromagnetic field. It is possible to show that the black holes behave asymptotically as AdS solutions and contain, in addition to the monopole and quadrupole terms, other higher order terms whose source is the non-linear electrodynamics field. We calculate the electromagnetic Maxwell field and show that our d-dimensional black hole solutions coincide with the previous obtained one [1]. The structure of the solutions show that there is a central singularity that is much mild in comparison with the respective one in General Relativity. Finally, the thermodynamical properties of the solutions are investigated by calculating the entropy, the Hawking temperature, the heat capacity, and other physical quantities. The most important result of thermodynamics is that the entropy is not proportional to the area of the black hole. This inanition points out that we must have a constrain on the quadrupole term to get a positive entropy otherwise we get a negative value.
I. INTRODUCTION
Understanding of the gravitational interaction at large scales is considered a main issue of theoretical physics and cosmology [2] . For example, Einstein's General Relativity (GR) is not able to explain the accelerated expansion epoch of our universe [3] [4] [5] [6] [7] . This issue can be solved in the framework of GR if some cosmic flow, having exotic properties, is assumed, the so-called dark energy, or a cosmological constant is involved into the field equation [8] . Moreover, the rotation curves of spiral galaxy are out the domain of validity of GR unless one assumes the existence of cold and pressureless dark matter [9] .
Despite of this state of art, GR has achieved brilliant successes in many aspects like solar system dynamics, gravitational wave detection, relativistic stellar structure up to cosmology [10] . Einstein's GR has a question mark when it is confronted with large scales or when quantization is taken into account. Therefore, there is the necessity for a self-consistent theory that is capable of describing the gravitational interaction ranging from quantum to cosmic scales and coinciding with GR in the limits where it is successful.
According to this philosophy, there are several proposals to extend or modify GR in view of obtaining a self-consistent theory at any scale. The so called f (R) gravity is one of these proposal. Here R is the Ricci scalar and, for f (R) = R, its Lagrangian corresponds to the Hilbert-Einstein Lagrangian and GR is recovered [11] . In some sense, f (R) gravity is the minimal extension of GR. Another proposal is f (T ) gravity in which T represents torsion scalar. Also in this case, for f (T ) = T , the theory reduces to the so called Teleparallel Equivalent General Relativity (TEGR) which is constructed by the Weitzenböck geometry and it is endowed with a nonsymmetric connection, characterized by no curvature and non-vanishing torsion [12] [13] [14] [15] . The TEGR torsion tensor plays the dynamical role of curvature and the vielbein plays the role of metric tensor, that is the gravitational potentials. Einstein used TEGR theory to construct a unification between gravitational and electromagnetism fields [15] [16] [17] [18] . Although, TEGR is constructed using a different geometry from that of GR based on Riemann geometry, that is the Weitzenböck geometry, TEGR and GR are completely equivalent from a dynamical point of view. However, assuming generic functions f (R) and f (T ), they are inequivalent [19] [20] [21] . Therefore, those theories are interesting and can be considered to solve the problems of dark energy and dark matter [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . In this study, we are considering f (T ) gravitational theories.
There are many applications of f (T ) in solar system as well as in cosmological frame. For example, exact solutions, black hole solutions and stellar models are discussed in [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . Spherically symmetric solutions with constant torsion scalar have been derived in [55, 56] . In the solar system, it is possible to obtain a weak field solution [57] for the form f (T ) = T + αT 2 for which the authors constrain the dimensional parameter α [58] . f (T ) has extra degrees of freedom which are related to the non-invariance of the theory under local Lorentz transformations. Recently, an invariant f (T ) gravitational theory under local Lorentz transformation has been derived [59] . In the frames of cosmology and spherically symmetric geometry, it is shown that the diagonal ansatz is not a suitable vielbein to be used [60] . A non diagonal spherically symmetric vielbein has been applied to the field equations of f (T ) gravity and a weak field solution has been obtained [61] . Recently, new charged black holes for quadratic and cubic form of f (T ) have been derived using flat horizons spacetimes [1, 62] . It is the purpose of the present paper to study the effect of the non-linear electrodynamics in f (T ) gravity on a cylindrical spacetime. This approach could have interesting physical applications both for gravitational and electromagnetic fields.
The layout of the paper is the following: In Section II we summarize f (T ) gravity and derive the field equations in presence of non-linear electrodynamics. In Section III we derive charged static AdS solutions, analyzing the structure of singularities. In Section IV we obtain charged rotating AdS solution in non-linear electrodynamics in the context of f (T ) gravity. Section V is devoted to thermodynamics considering entropy, Hawking temperature, heat capacity, Gibbs free energy. The most interesting feature of these calculations is the fact that the entropy is not proportional to the area of the black hole in addition to the possibility of negative values of entropy. Section VI is devoted to discussion and conclusions.
II. BASIC CONCEPTS OF f (T ) GRAVITY
In Riemannian geometry, the metric of the spacetime has the form
where g µν is a second order symmetric tensor. Using the vielbein one can write Eq. (1) as
with η i j being the Minkowskian metric that is defined as:
) and h i µ is the covariant vielbein that satisfies the orthogonality conditions
To construct a spacetime with vanishing curvature and a non-vanishing torsion one has to define the Weitzenböck connection which is
Using Eq. (4), the torsion and contorsion tensors are
From Eqs. (5), one can define the superpotential tensor
From Eqs. (5) and (6) the torsion scalar is provided as
The Lagrangian of TEGR theory is constructed from the torsion scalar given by Eq. (7). Let us now consider f (T ) gravity minimally coupled with non-linear electrodynamics. Thence, the action of this theory is given by 
where Γ is the Γ-function
The electromagnetic Lagrangian L(F ) is gauge-invariant and depends on the invariant F defined as F = 1 4 F αβ F αβ [63] . The antisymmetric Faraday tensor is defined as
where E µ is its gauge potential 1-form. In the Maxwell theory, the Lagrangian L(F ) is L(F ) = 4F . Here, we consider a more general choice of the electromagnetic Lagrangian. From Action (8), the non-linear electrodynamics is described by nonlinear terms in F αβ and its invariants. However, we can provide a dual representation in terms of an auxiliary field P αβ . This method is proved to be highly benefit to derive exact solutions in GR, specifically for the electric case [64, 65] . The dual form can be obtained adopting the Legendre transformation below:
where ℵ is an arbitrary function depending on the invariant P, defined as P = 1 4 P αβ P αβ . From Eq. (11), non-linear electrodynamics can be recast in terms of P according to the formulas
where the standard Maxwell theory is obtained for L F = 1. As it is clear from the above equations, ℵ is a function of P, where [64, 65] ℵ P = ∂ℵ ∂P .
The variation of Lagrangian (8) with respect to the vielbeins leads to
and the Maxwell equations for non-linear electrodynamics become [64] 
The stress-energy tensor of non-linear electrodynamic is
It is worth saying that Eq. (15) has a non-vanishing trace unlike the stress-energy tensor coincides with the Maxwell one. It is worth noticing that the electric field of linear electrodynamics is obtained as
In this context, black hole solutions can be found.
III. ANTI-DE-SITTER BLACK HOLE SOLUTIONS IN NON-LINEAR ELECTRODYNAMICS
Let us search now for charged AdS black hole solutions in non-linear electrodynamics assuming, in general, d-dimensions in the framework of f (T ) gravity. Using the following vierbein diagonal ansatz in
we assume the vielbein [49, 62] :
, r, r, r · · · ,
which corresponds to the metric
where A(r) and g(r) are functions depending only on the radial coordinate r. Substituting the vielbein (17) into the torsion scalar in (7), we get
where
Finally, since the f (T ) power law gravity seems the model with the best agreement with observational data [66] [67] [68] , we will focus on the choice
where a 0 , a 1 and a 2 are the model parameters.
A. Asymptotically static AdS black holes
Inserting the vielbein (17) into field Eqs. (13) and (14), we obtain the following non-vanishing components:
where q(r) ≡ q is the gauge 1-form of the non-linear electrodynamics that is defined as
In the case of f (T ) with the form given by (20) , the above equations reduce to
where T ′ ≡ dT (r)/dr is calculated through (19) . We have to note that Eq. (22) is a second-order algebraic equation and it gives T = T 0 = const. On the other hand, Eq. (19) for T gives the solution
where m is a constant related to the mass, and the function g(r) is obtained by (25) into (23). Eq. (24) gives
In the above expressions the constant Λ e f f , is given by
It is straightforward to see that this is an effective cosmological constant given by the torsion scalar. The horizons of solution (25) is given by
which, in 4-dimensions, gives m = Λ e f f r 3 . Let us continue our analysis for the general case where the torsion scalar has non-trivial values. For a non-constant torsion scalar, we get the following solution:
where c i , i = 1 · · · 3 are integration constants. We can assume a given form for the arbitrary function ℵ(r) and calculate the other functions from it. So let us fix the arbitrary function to have the form
It is worth noticing that, in case d = 4, Eq. (30) is identical to that given in [64] . Using Eq. (30) in (29) we get
where N = (a 1 2 + 12a 0 a 2 ).
Now if we assume the constraint N = 0, i.e., a 0 = − a 1 2 12a 2 , in Eq. (22) we get the same solution given by Eq. (29) except the arbitrary function ℵ(r) which takes the form
Considering the function (30) in (32), we get
and
. Using Eq. (16) we get the linear electrodynamics in the following form
. To get this result, we have put 2a 2 c 1 2 c 2 = a 1 P. It is interesting to note that Eq. (34) coincides with that given in [1] for q 1 = 0. The parameter q 1 is responsible for deviations from linear electrodynamics as Eq. (30) indicates. It is straightforward to show that, from (30) for q 1 = 0, we return to Maxwell electrodynamics and, for q 1 0, we have non-linear electrodynamics. Explicitly, the effect of parameter q 1 appears in Eq. (34) showing that the gauge potential is different from the one presented in [1].
If we calculate the invariants of the black hole solution (33), we get the same asymptotic behavior presented in [1, 62] . These invariants show that there is a singularity at r = 0. Approaching to r = 0, these invariants assume the form (K, R µν R µν ) ∼ .In other words, this feature assures the consistency of the solution.
IV. ROTATING BLACK HOLES IN MAXWELL-f (T ) GRAVITY
Let us derive now rotating black hole solutions satisfying the field equations of the above (20) f (T ) gravity. We start assuming the above static solution as a constraint. Taking into account the following transformations :
with n i are rotation parameters (their number is ω = ⌊(d − 1)/2⌋ where ⌊...⌋ marks the integer part), and where we can define a parameter λ connected to the Λ e f f of the static solution through
Additionally, Ξ is defined as
Adopting the transformations (35) to the (17), we obtain
where A(r) and g(r) are given in (33) . Hence, for the electromagnetic potential (31) we get
We have to note here that transformation (35) does not alter local spacetime properties, however it changes global properties (see [69] ). This feature comes out from the fact that it mixes compact and noncompact coordinates. As a consequence, vielbeins (17) and (38) can be locally transformed into each other but this property does not hold globally [69, 70] .
According to the vielbein (38), the metric can be written as
where 0 ≤ r < ∞, −∞ < t < ∞, 0 ≤ η i < 2π, i = 1, 2 · · · ω and −∞ < ξ k < ∞. Here dξ (18) is recovered as a particular case of the above general metric as soon as the rotation parameters n j are going to zero. Furthermore, it is worth stressing that the line-element (40) is derived when the Minkowski metric (2) is written in cylindrical coordinates, that is
Here, the interesting feature is that the torsion components are vanishing.
V. THERMODYNAMICAL STABILITY AND PHASE TRANSITIONS
Black hole thermodynamics is a fundamental subject in physics, because it investigates the relation between gravitational and quantum regimes and it is strictly related to the thorny problem of quantum gravity. In general, there are two main approaches to deal with black hole thermodynamics: The first has been proposed by Gibbons and Hawking [71, 72] , studies the thermal properties of Schwarzschild solution by applying the Euclidean continuation. The second method identifies the gravitational surface and defines the temperature of black holes [73] [74] [75] .
In this study, we are going to apply the second approach to understand the thermodynamics of the AdS black hole, derived in Eq. (33) , and then to study its stability by calculating the heat capacity and the Gibbs free energy. The black hole (33) is characterized by the mass, M, the charges (monopole, Q, dipole and higher order, Q 1 and Q 2 ) and also by a cosmological constant Λ e f f .
To calculate the horizons of solution (33), we have to put the function A(r) = 0. The plot of Fig.1 (a) shows the two roots of A(r) which determines, respectively, the event horizon r b and the cosmological horizon r c of the solution (33) when the dimensional parameter a 2 has a negative value. However, when a 2 has a positive value, we have only one horizon as Fig.1 (a) shows. In 4-dimensions, solutions with two horizons can be obtained for Schwarzschild-de Sitter and Kerr-Schild black holes [76] [77] [78] , for Reissner-Nordström black holes [79] , for minimal model of regular black holes [80] , and for spherically symmetric Bardeen black holes of non-commutative geometry [81] [82] [83] [84] .
The Bekenstein-Hawking entropy for f (T ) gravity can be defined as [85] 
where r b is the event horizon in Planck units and A is the event horizon area. Using Eq. (33) in (42), we get
where Ω d−2 is the volume of the unit (d − 2)-sphere. Eq. (43) shows that, if we neglect the higher order terms of O where x = √ 3P|a 2 |, otherwise we have a negative entropy. The thermodynamical stability is related to the heat capacity C b . In particular wth the sign of this quantity. Below, we will take into account the thermal stability of the black holes via their heat capacity [86] [87] [88] 
where E b is the energy. If C b > 0 (C b < 0), the black hole is stable (unstable) from thermodynamical point of view. To better understand this phenomenon, let us assume that, due to thermal fluctuations, the black hole absorbs more radiation than it emits. When this happens, its heat capacity is positive. According to this situation, the black hole mass increases. On the other hand, if the black hole emits more radiation than it absorbs, the heat capacity becomes negative. In this situation, the black hole mass decreases and it can completely evaporate. In conclusion, black holes with negative heat capacities are unstable from a thermodynamical point of view. In order to calculate Eq. 
The above equation shows that the total mass of the black hole is given by a function of the charge and the horizon radius. It is straightforward to calculate the degenerate horizon by the condition ∂M h /∂r b = 0, which gives
, in 4 dimensions. As seen from Eq. (45) and Fig.2 (a) , the horizon mass-radius relation is given by
The Hawking temperature of black holes is derived by requiring no singularity at the horizon of the Euclidean sector of solutions. Furthermore, it is possible to obtain the temperature related with the outer event horizon r = r b as [89] 
where κ is the surface gravity. The Hawking temperature associated with the black hole solution (33) is
where T b is calculated at the event horizon. In Fig.2 (b) , it is shown that the horizon temperature T h is zero at the degenerate horizon r b = r dg . For r b < r dg , the horizon temperature evolves below the absolute zero giving rise to an ultra-cold black hole.
As pointed out in [90] , there is no reason from thermodynamical point of view to prevent a black hole temperature to go under absolute zero. In this case, the black hole would become a naked singularity. In the range r b > r dg , the horizon temperature is positive. Considering also gravitational effects, we obtain that, for some high temperature T max , the radiation becomes unstable and the collapse starts [91] . As a consequence, the AdS solution is stable only for T < T max . Above T max , only the heavy black holes reach stable configurations [91] . Let us now calculate the heat capacity C b h horizon and substitute Eqs. (45) and (48) 
In Fig.3 (a) , it is shown that the heat capacity is negative for r b < r dg and positive for r b > r dg . Always considering Fig.3 (a), a characteristic of the heat capacity is a second-order phase transition at r c whereas the heat capacity shows an infinite discontinuity. The Grand Canonical Ensemble free energy, that is the Gibbs free energy, is defined as [92] 
where M(r b ), T (r b ) and S (r b ) are the mass, the temperature and the entropy of the black hole at the event horizon, respectively. Using Eqs. (42), (45) and (48) 
It is worth noticing that, as soon as the charge parameter q 1 → 0, the Gibbs free energy derived from Eqs. (33) is coincident with that in [93] . The Gibbs energy of our solution is represented in Fig.3 (b) for some values of model parameters.
VI. DISCUSSION AND CONCLUSIONS
In this paper, we have investigated the effect of the non-linear electrodynamics on modified TEGR theory. To this aim, we derived the charged non-linear electrodynamics field equations for f (T ) gravity. They reduce to the well known form of Maxwell field equations assuming some constrains on the arbitrary functions. Applying these field equations to cylindrical coordinates in d-dimensions, we got a closed system of non-linear differential equations. In this framework, we obtained black hole solutions. The most interesting feature of thes black hole solutions is that they behave as AdS solutions generalizing the black hole solutions derived in [1] . This generalization comes from the contribution of the parameter included in the arbitrary function (30) . If this parameter set equal to zero we return to the black black hole presented in [1] . The contributions of non-linear electrodynamics clearly emerge in the above black holes discriminating the solutions with respect to the standard Maxwell field. Our black holes keep all the features of the black holes derived in [1], i.e., they shows a central singularity, that is softer in comparison with the standard GR and TEGR cases. The rotating black hole solutions can be achieved by a suitable coordinate transformation.
More information on the black hole (33) is obtained by its thermodynamical properties. The most important feature in f (T ) gravity is that entropy is not always proportional to the horizon area [94, 95] . It is possible to show that, for constraints on the parameter q 1 characterizing the arbitrary function of the non-linear electrodynamics, one has a positive entropy. On the other hand, there are some regions of parameter q 1 where entropy is negative [94, [96] [97] [98] . Negative entropy is a familiar feature in gravitational theories: several black hole solutions have negative entropy, e.g. charged Gauss-Bonnet AdS black holes [94, 96, 97, 99] . Our results indicate that negative entropies may be explained as a region where the parameter q 1 values have entered into an un-allowed region, or into a regime where there is a phase transition. The gravitational entropy of non-trivial solutions in f (T ) gravity will be the subject of future researches.
Furthermore, the heat capacity of black hole (33) has been derived and we have shown that there is a locally unstable event horizon characterized by C b < 0. Furthermore there is a second-order phase transition at r b whereas the heat capacity is characterized by an infinite discontinuity. Finally, the heat capacity of our black hole has a stable event horizon which is characterized by a positive value, i.e., C b > 0 for which r b > r dg . Finally, we have derived the Gibbs free energy showing that the black hole solution (33) has always a positive value of this quantity for some constrains on the parameter as Fig.3 (b) shows. In a forthcoming study, possible astrophysical applications of these solutions will be considered.
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